In the massive multiple-input multiple-output (MIMO) systems, pilot contamination and signal perturbation are two important issues in the semi-blind channel estimation methods. To evaluate the effects of pilot contamination and signal perturbation, the covariance matrix of the received signal should be obtained. In specific, the eigenvectors associated with the K largest eigenvalues of the ideal covariance matrix, contain the subspace information of the desired signals, in which the interference and partial noise are eliminated because of asymptotic orthogonality of the fading matrix. Since it is quite difficult to acquire the ideal covariance matrix, the sample covariance matrix calculated by the finite data samples is adopted to approximate the ideal covariance matrix in practice. However, the gap between the ideal covariance matrix and the sample covariance matrix leads to signal perturbation. In this paper, the perturbation analysis of a semi-blind channel estimation in the massive MIMO systems is presented. Simulation results verify the validity of our perturbation analysis. Furthermore, it is demonstrated by simulations that signal perturbation affects system performance by reshaping the eigenvectors and eigenvalue distributions of the target cell and interfering cells.
I. INTRODUCTION
Massive multiple-input multiple-output (MIMO) has been viewed as one of the key technologies to boost the system performance in 5G [1] . In the massive MIMO system, a large number of antennas, e.g., even hundreds of antennas, are used to support the high gain beamforming and spatial multiplexing on a large scale. Currently, many efforts have been devoted to the performance analysis and optimization in the massive MIMO systems [2] - [6] . Energy efficiency optimization for wireless power transfer (WPT) enabled massive MIMO systems is investigated in [2] . For a massive MIMO system equipped with a uniform rectangular array (URA), an iterative rank-reduction omnidirectional The associate editor coordinating the review of this manuscript and approving it for publication was Adnan Shahid .
pre-coding numerical optimization scheme is designed in [3] . In [4] , the authors study the optimization of pilot training signals with an insufficient pilot length in Massive MIMO systems. Under the existence of pilot contaminations, [5] analyzes the achievable uplink rate in distributed massive MIMO (DM-MIMO) systems. The closed-form expressions for the lower bound of the downlink (DL) achievable rate of multicell and multiuser massive MIMO systems over Rician fading channels are derived in [6] . In order to improve the spectral efficiency, a joint pilot and data power allocation scheme is proposed in the downlink of single cell massive MIMO [7] . In [8] , by applying geometric programming, the pilot and data power allocation are jointly optimized in the single cell uplink massive MIMO system to maximize the spectral efficiency.
Since channel state information (CSI) is a necessity in the performance analysis and optimization, channel estimation is required to further improve the spectral efficiency. Under the massive MIMO circumstances, a trainingbased channel estimation is studied by designing the optimal pilot sequences in [9] . In [10] , a super-resolution channel estimation is investigated with the aid of deep learning. However, the works [9] , [10] focus on the channel estimation in the single cell massive MIMO system and the inter-cell effects are neglected. Thus, the developed schemes in the above literatures may not work well in the practical multicell systems. In this work, we focus on the practical multi-cell multiuser massive MIMO (MCMU-MIMO) systems, in which a base station (BS) equipped with plenty of antenna elements simultaneously serves multiple user terminals (UTs) on the same time-frequency resource [11] - [14] . Compared with the single cell massive MIMO system, channel estimation is more complicated in the MCMU-MIMO system. In specific, pilot contamination and signal perturbation are two imperfect factors in the channel estimation of the MCMU-MIMO systems. On one hand, since it is impractical to assign the orthogonal pilots to each user in the MCMU-MIMO system, pilot contamination is an important issue in the channel estimation in the MCMU-MIMO systems. On the other hand, to refine the estimated CSI, the channel estimation with the aid of transmission data, i.e., semi-blind channel estimation [15] , [16] , is usually adopted. Since the data length is finite in the transmission, signal perturbation will be caused in semi-blind channel estimations of the MCMU-MIMO systems. In the following, we will carefully review the literatures about pilot contamination and signal perturbation, respectively.
A. PILOT CONTAMINATION
Without pilot contamination, it is shown that the signal-tointerference-plus-noise ratio (SINR) increases linearly with the number of received antennas at the BS [17] . However, with pilot contamination, the SINR performance of the pilot-based channel estimation becomes saturated with a ceil floor, which results in the performance deterioration in channel estimation and data transmissions in the time-division duplexing (TDD) massive MIMO systems [18] . In [19] , it is demonstrated the pilot contamination precoding (PCP) employed at the BS can eliminate pilot contamination in the downlink data transmission of the massive MIMO. However, this scheme can not be applied into the uplink channel estimation and data transmission.
Currently, the mitigation methods of pilot contamination can be classified into two categories, i.e., pilot-based approach and subspace-based approach [11] . In [20] and [21] , an elegant pilot-based approach is proposed to combine the maximum posteriori (MAP) method with a new pilot assignment strategy. However, the pilot-based method has a high implementation complexity. In this paper, we aim at the study on the subspace-based method. In the subspace-based channel estimation, the statistics such as variances and kurtosis are generally used [22] - [26] . The main subspace-based methods include the eigenvalue decomposition (EVD) and singular value decomposition (SVD) channel estimation methods.
To facilitate the channel estimation in the EVD-based methods, the fact that the eigenvalues of the covariance matrix of intra-cell signals are usually larger than those of the corresponding covariance matrix of interfering signals is exploited. By applying the asymptotic orthogonality of the eigenvectors in the massive MIMO [27] , [28] , the eigenvectors associated with the K largest eigenvalues of covariance matrix are selected to approximate the fading matrix. In the case of an infinite number of antennas in massive MIMO, Ngo and Larsson [27] propose that the eigenvector matrix can be used to characterize the fading matrix by multiplying a diagonal ambiguity matrix.
In [29] - [33] , a couple of the SVD-based methods are proposed, in which the singular vector matrix is leveraged to separate the desired signals from the total interfering signals. Accordingly, the symmetric signal subspace channel matrix can be estimated directly. In order to further obtain the fading matrix, a combination of SVD-based and EVD-based methods, named as subspace extrapolation method, is proposed in [28] . In specific, by multiplying the singular vector matrix, the symmetric subspace channel matrix obtained in the above SVD-based methods is reduced to the required channel matrix. In parallel, the combined SVD and EVD-based method is also applied in the conventional point-to-point MIMO system at the cost of the high computational complexity [34] .
B. SIGNAL PERTURBATION
It is shown that perfect covariance matrix is important in the subspace-based approaches [16] , [35] . Since it is not easy to obtain the perfect covariance matrix, the sample covariance matrix can be adopted instead of perfect covariance matrix in practice. The sample covariance matrix can be computed by using the finite data samples in several snapshots. However, by using the sample covariance matrix, signal perturbation and self-interference will be caused in the subspace-based channel estimation methods. For the self-interference in the existing works, it includes the active and passive self-interferences. In [36] , an active superposition of a self-interfering sequence onto the training sequence is used to detect pilot contamination attack and active eavesdropping at the legitimate receiver. Unlike the active self-interference mentioned above, the passive self-interference caused by the gap between the perfect CSI and channel estimation error is studied in [37] . In the massive MIMO systems, self-interference is passively generated by the dependency of the different user data. By using the correlation of user data, self-interference can be eliminated in the single-user MIMO system. Taking advantage of the single-user MIMO, an intentional overhead is introduced to remove the mutual effects between the transmitted data in [38] and [39] . Besides, when the data length grows to infinity, the system can achieve better performance because the signal perturbation vanishes [22] . In practice, signal perturbation can not be eliminated in the semi-blind channel estimation and still affects system performance. In [40] and [41] , the first-order and second-order terms in the signal perturbations are analyzed, respectively. In this work, unlike the data flows on different antennas in the single-user MIMO, the multiuser MIMO system with the finite data samples is investigated. In this case, the data transmission of intra-cell users are independent of each other. Therefore, the signal perturbation and self-interference can not be suppressed.
C. OUR CONTRIBUTION
In this paper, the semi-blind estimation methods are thoroughly analyzed in the multiuser MIMO systems. In specific, we investigate the performance gap between the semiblind channel estimation method with the finite data samples and that without signal perturbation.
• Firstly, the EVD based semi-blind channel estimation methods are formulated in the MCMU-MIMO system. The error factors of the channel estimation method, including pilot contamination and selfperturbation, are derived under the ideal statistical information.
• Secondly, in the practical MCMU-MIMO systems, the estimated covariance matrix with the finite data samples is developed. Based on the sample covariance matrix, we jointly study the effects of the finite received antenna numbers, pilot contamination, and the signal perturbation on system performance. It is observed that the diagonalization of the ambiguity matrix degrades the system performance. With an increasing number of receiving antennas, the eigenvalue distributions of the useful signals and pilot contamination are separated from each other. Furthermore, signal perturbation will reshape their eigenvalue distributions, which results in the eigenvectors of the useful signals perturbed by eigenvectors of pilot contamination.
• Thirdly, the normalized mean square error (NMSE) of the EVD based semi-blind estimation method is derived in the closed-form under the different situations. Simulation results demonstrate the effectiveness of the EVD method II in terms of NMSE performance.
The rest of this paper is organized as follows. In Section II, we introduce the system model and present the subspace based semi-blind channel estimation methods.
In Section III, we analyze the error factors of semi-blind channel estimation with and without signal perturbation in massive MIMO systems. In Section IV, we compare the NMSE performance of semi-blind channel estimation methods with and without signal perturbation. In Section V, we give numerical results of the error performance and eigenvalue distributions of covariance matrix under the different situations. Finally, the paper is concluded in Section VI.
Throughout the paper, we adopt the following notations: The black bold is used to represent the matrix; [ (·)] m is the mth column of a matrix; [·] i,j is the (i, j)-th entry of a matrix; E{·} is the expectation operator; (·) H is the complex-conjugate transpose; I K is the identity matrix with K rows and K columns.
II. MCMU-MIMO SYSTEM MODEL A. RECEIVED SIGNAL MODEL
The uplink of a hexagonal cell with L interfering cells is considered, and each cell serves K single-antenna users in TDD mode. Each BS equipped with M antennas is located at the center of each hexagonal cell. It is assumed that the frequency reuse factor is 1, i.e., all the cells share the same frequency band. A block fading channel is assumed, i.e., the channel keeps unchanged during one transmission block and varies from one block to another. Inspired by [30, Eq.(1)], C symbols are transmitted during one transmission block. Hereafter, unless otherwise specified, the superscripts ''p'' and ''d'' denote the pilot signals and data signals, respectively. Then, the received signals, including pilot and data signals, can be expressed as:
are the matrices of the additive white noise on the received pilot and data, respectively, whose elements following the complex Gaussian distribution with zero mean and unit variance, ∈ C K ×N p is the pilot matrix which satisfies
is the matrix of the received data of K users in the lth cell for l = 0, 1, . . . , L, p u is the average transmit power allocated to each user, and G li is the M × K channel matrix between the lth BS and the K users in the ith cell.
The channel matrix is characterized by the path loss and small scale fading, i.e.,
where H li is the small scale fading matrices with the (m, k)-th element h li (m, k), and the diagonal matrix √ D li is the path loss matrix with the k-th diagonal element √ β lik , which is constant in C symbol intervals and independent of the receiving antenna index m. Here, h li (m, k) denotes the small scale fading coefficient from the kth user in the ith cell to the mth antenna of the lth BS, which follows an independent identically distribution (i.i.d) and is a circularly-symmetric Gaussian random variable with mean zero and variance one, i.e., CN (0, 1). Accordingly, for the channel matrix G li , the element in mth row and kth column [G li ] m,k = g li (m, k) is the channel coefficient between the mth antenna of the lth BS and the kth user in the ith cell with
B. COVARIANCE MATRIX OF THE RECEIVED SIGNALS
Since the change of path loss is much slower than that of small scale fading, the estimation of small scale fading matrix is more challenge. In this paper, we focus on the estimation of small scale fading matrix via the semi-blind channel estimation methods. Different from the conventional pilot-based channel estimation, the semi-blind channel estimation methods need to use the statistical properties to calculate the covariance matrix instead of the pilots [28] . Furthermore, the SVD of the covariance matrix R y is represented as
where E{R y } is the average sample covariance matrix computed by several received signal samples, i.e.,
are the eigenvalue matrices corresponding to the desired signal, pilot contamination, and noise, respectively, U is composed of the left-singular vectors expressed as U = [U S , U I 1 , U I 2 , . . . , U IL , U N ], U S , U Il ∈ C M ×K , and U N ∈ C M ×(M −(L+1)×K ) are eigenvector matrices associated with S , Il , and 0 N , respectively. In the different semi-blind methods, U S serves as an important factor to estimate the channels in the useful signal space.
C. SEMI-BLIND CHANNEL ESTIMATION METHODS
In this subsection, we introduce the subspace based semi-blind channel estimation methods to be analyzed.
1) EVD METHOD I
Semi-blind method in [27] takes advantage of the linear correlation between the fading channel matrix H 00 andÛ S in the target cell when the number of receiving antennas approaches to be infinite. LetĤ 00 denote the estimation of the desired channel matrix H 00 . Then,Ĥ 00 can be expressed aŝ
whereˆ is the multiplicative ambiguity matrix, which is solved by using a short pilot sequence in [27] ,Û S is the estimated signal eigenvector matrix, andĤ p is the estimated fading matrix via the pilot-based channel estimation. However, in practice, the received antenna number M is large but finite [11] , which results in that the channel vectors are not perfectly orthogonal. As a result,Û S are affected by some interfering channel vectors. In doing so, the accuracy of channel estimation is degraded by the diagonalization operation of the ambiguity matrix.
2) EVD METHOD II
In the following, we will introduce an improved EVD-based method. In [28] , the channel estimation formula can be further derived asĤ
This subspace-based semi-blind channel estimator is the same as the subspace extrapolation methods for the downlink channel estimation in [30] , which can obtain a better performance than the EVD method I in massive MIMO scenarios. Due to the elegant performance in the channel estimation, we focus on analyzing the performance of EVD method II in the following.
III. ERROR ANALYSIS OF SEMI-BLIND CHANNEL ESTIMATION IN MASSIVE-MIMO SYSTEMS
In this section, the error of semi-blind channel estimation mentioned above is analyzed with and without signal perturbation, respectively.
A. ERROR ANALYSIS WITHOUT SIGNAL PERTURBATION
In the implementation of the subspace-based semi-blind channel estimators, system performance is limited by selfperturbation, pilot contamination, and signal perturbation. We will sequentially describe the first two error sources in this subsection.
1) SELF-PERTURBATION ANALYSIS
The performance of EVD-based methods is affected by the number of BS antennas. The EVD-based methods can obtain the ideal performance under the assumption that the number of BS antennas tends to infinity. It is because channel vectors between the users and the BS become pair-wisely orthogonal in this situation. However, even if the pilot contamination is ignored, channel estimation error will be caused by the finite receive antenna numbers. Hereafter, self-perturbation is defined as the error due to the finite number of receive antennas. Ignoring the pilot contamination and signal perturbation, the received data can be expressed as
Then, the EVD of covariance matrix R y can be expressed as
is the self-perturbation term. The elements in K (M ) ∈ C K ×K are the random variables with zero mean and variance 1 M . The EVD of self-perturbation is given as K (M ) = ϒ H 2 ( 2 0 − I K )ϒ 2 , where ϒ 2 ∈ C K ×K is the eigenvector matrix of the self-perturbation item, and satisfies ϒ 2 ϒ H 2 = ϒ H 2 ϒ 2 = I K . According to the perturbation theorem, the kth diagonal element in the matrix 0 is denoted by λ k , which satisfies
M . Furthermore, the perfect covariance matrix is given as
where it satisfies 1 MH H 00H 00 = I K , and 1 MH H 0iH 0j = δ(i − j)I K , i, j = 0, 1, . . . , L. Compared with [28, eq.(8) ], the channel vectors can be expressed as H 00 =H 00 0 ϒ 2 . T 00 is the eigenvalue diagonal matrix satisfying T 00 ≈ D 00 , and V 0 is the eigenvector matrix of 0 ϒ 2 D 00 ϒ H 2 0 . Besides, the estimated signal eigenvector matrix is expressed asÛ
where P 0 ∈ R K ×K is the permutation matrix. Remark 1: Due to the finite number of the received antennas, it leads to two terms 0 and ϒ 2 in the self-perturbation. The two factors 0 and ϒ 2 further lead to the additional bias terms, i.e., T 00 and V 0 . Furthermore, the effects of self-perturbation are inversely proportional to the number of received antennas.
2) PILOT CONTAMINATION ANALYSIS
Due to the same pilot sequences used in each cell, pilot contamination is caused by the interference from the other cells. From eq.(1), the covariance matrix can be derived as
Similar to the derivation in the last subsection, we can get
Compared with eq.(8), eq.(12) adds a pilot contamination term F 0 ∈ C M ×K , which will deteriorate the system performance. When the number of the received antennas approaches infinity, channel vectors in different cells become pair-wisely orthogonal, and thus pilot contamination will be eliminated. AlthoughH 00 andH 0i are orthogonal with each other, the column vectors in V j and V 0 are nonorthogonal with each other. As a result, some column vectors in V j are projected onto the column vectors in V 0 , which gives rise to the contamination toÛ S . Moreover, the probability density distributions of the eigenvalue matrices T 00 and T 0i are not definitely separated. In some cases, the elements of T 0i are larger than those of T 00 , which results in a substitution of the columns inH 0i V i by the columns inH 00 V 0 for the estimated signal eigenvector matrixÛ S .
According to eq.(6), eq.(12), and [28, eq.(24)], the estimated fading channel matrix can be expressed aŝ
The elements ofF 0 are the high-order terms inversely proportional to the number of received antennas.
B. ERROR ANALYSIS WITH SIGNAL PERTURBATION
In the implementation of EVD-based channel estimation, it requires to calculate the covariance matrix R y . When the number of the data symbols N d increases, the matrixR y converges to the expectation of R y almost surely. In this subsection, a comprehensive analysis of pilot contamination and signal perturbation in semi-blind channel estimation are analyzed in the massive MCMU-MIMO system and practical MCMU-MIMO system, respectively.
1) COVARIANCE MATRIX IN MASSIVE MCMU-MIMO SYSTEMS
For the massive MCMU-MIMO systems, self-perturbation K (M ) and pilot contamination F 0 gradually decrease when the number of receive antennas tends to infinity. The intra-cell fading matrix H 00 and the fading matrix of interfering cells H 0i are orthogonal to each other under this condition. According to eq.(8), the covariance matrixR y is different from the ideal covariance matrix, which can be expressed asR
where
The perturbation item is given by
where is the diagonal eigenvalue matrix of perturbation items, whose elements are given by − K −1 N d ≤ λ k ≤ K −1 N d , and ϒ 3 ∈ C K ×K is the eigenvector matrix of perturbation items. R x is independent of the noise item and the estimated channels, which solely depends on the transmitted data of the different users in the target cell. Unlike the point-topoint MIMO system in [38] , the transmitted data of different users are independent of each other. Therefore, the signal perturbation-free method in [38] can not be adopted to eliminate R x in this work.
Similar to the derivation in eq.(11), the estimated covariance matrix is given by
whereT 00 ≈ D 00 is the diagonal eigenvalue matrix whose elements are disturbed by the bias terms and ϒ 3 , and V 0 is the eigenvector matrix of D 0.5 00 ϒ 3 ϒ H 3 D 0.5 00 . It is not very intuitive that even a tiny perturbation will reshape the eigenvector matrixṼ 0 . In order to illustrate the inescapable effects of the small disturbance, we will give an example in the next subsection.
2) EXAMPLE OF SIGNAL PERTURBATION MATRIX
The sample covariance matrix of data is computed by
H , which can be viewed that I K is perturbed by the perturbation matrix R x . Taking two users for example, the sample covariance matrix and the perturbation matrix are respectively given as
where 0 < ε 1 is a factor of perturbation. Different from [41, eq.(42)], no matter how small the perturbation elements are, the eigenvector matrix in eq.(20) is transformed from I K into ϒ 3 expressed as
Remark 2: Due to signal perturbation, the eigenvector matrix of perturbation item ϒ 3 is generated, and accordingly an error termṼ 0 is generated in the eigenvector matrixÛ S . The multiplication ofÛ S andÛ H S is able to eliminate the effects ofṼ 0 in the EVD method II channel estimation, whereas the error termṼ 0 cannot be removed in the EVD method I.
3) ANALYSIS OF PRACTICAL MCMU-MIMO SYSTEMS
According to Eq.(8), the ideal covariance matrix is given by
The sample covariance matrix is expressed aŝ
where R I is an error matrix caused by the pilot contamination and signal perturbation. R I can be further expressed as
where R x0i and R xI are the transmit and receive covariance matrices of signal perturbation between the target cell and the interference cells, respectively, R xij and R II are the transmit and receive covariance matrices of signal perturbation between the interference cells, respectively, R xiv and R Iv are the transmit and receive perturbation matrices introduced by the noise in the interference cells, respectively. It can be observed that the signal perturbation is caused by the limited length of data in both the target cell and interfering cells.
Similar to the derivation of eq.(11), the EVD of the receiving covariance matrix can be expressed as
Remark 3: It is demonstrated from eq.(24) that signal perturbation reshapes the magnitude of eigenvalues of receive covariance matrix in each cell, becauseÛ S is the estimated signal eigenvector matrix associated with the K largest eigenvalues inR y . In some cases, the eigenvalues of the interfering covariance matrix inR y may be larger than the eigenvalues of the first part. In this case, the columns of the eigenvector matrix in the target cell (i.e.,H 00Ṽ0 ) are replaced by the columns of the eigenvector matrix in the interference cells, (i.e.,H 0iṼi ).
IV. NMSE ANALYSIS OF CHANNEL ESTIMATION
The normalized mean square error (NMSE) can be used to characterize the performance of different channel estimation methods, which is defined as
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A. SEMI-BLIND CHANNEL ESTIMATION WITHOUT SIGNAL PERTURBATION
Recalling eq.(6), eq.(13) and eq.(30), the errors of the estimated channel can be divided into 1
MH 00H
H 00 0 , pilot contamination term, and high order terms of 1 MF 0 . Hence, the corresponding NMSE without signal perturbation can be derived as
where E{tr( 0 F H 0 F 0 0 )} is affected both by pilot contamination and self-perturbation, and the O( 1 M ) has a much faster convergence rate than the number of the received antennas.
B. SEMI-BLIND CHANNEL ESTIMATION WITH SIGNAL PERTURBATION
According to the eq.(6), eq.(24) and eq.(30), the pilot contamination termF 0 is affected by the signal perturbation. Different from eq.(26), the NMSE with signal perturbation can be expressed as
It is noted that with the increase of the received antenna numbers, the error performance will be improved similar to eq.(26).
V. NUMERICAL RESULTS
In this section, we consider the multi-user MIMO system with L cells, where each cell has K users equipped with a single antenna and a BS equipped with M antennas. Pilot sequences within the same cell are orthogonal, and all cells use the same set of pilot sequences. The average of the received signal-tonoise ratio (SNR) for the kth user in the jth cell is P u β jjk . The detailed parameters are shown in Table 1 .
In simulations, another subspace-based approach, i.e., SVD-based channel estimation method, is introduced for comparison. The details are given as follows:
The method in [30] based on SVD firstly projects the signal subspace onto received signal matrix Y p 0 , and then uses the linear channel estimation based on pilot symbols. The SVD-based method is expressed as
whereH p 0 ,H p 0 andỸ p 0 are the estimated fading channel matrix in the signal subspace, the fading channel matrix in the signal subspace, and the received pilots in the signal subspace, respectively, andÛ S is the estimated signal eigenvector matrix. The signal stemming from the interfering cells and partial noise in the received signals are eliminated through the subspace projection under some specific constraints.
A. NMSE PERFORMANCE
The NMSEs versus the number of the received antennas M with and without signal perturbation are respectively depicted in Fig. 1 and Fig. 2 . We consider the EVD estimation method I, EVD estimation method II with/without pilot contamination, the difference between EVD estimation method II with and without pilot contamination, 1 and pilot contamination terms.
For comparison, the conventional pilot-based method is also introduced. For the pilot-based channel estimation, its NMSE performance is given as follows. Based on [28, eq.(18) , eq.(19)], the estimated fading matrixĤ p via the least square (LS) based pilot method is given bŷ
H )D −0.5 00 . Accordingly, NMSE of the pilot-based method can be derived as
It is shown from eq.(30) that NMSE LS is made up of pilot contamination and noise. The noise part can be reduced when N p and SNR is large enough, while pilot contamination is a fixed nonzero parameter depending on the slow decay coefficient only.
It can be observed that, with the increase of the received antenna numbers M , the NMSE of pilot-based method increases, whereas the NMSEs of the semi-blind channel estimation methods decrease. This behavior can be explained by the analytical expressions derived in eq.(30). According to eq.(30) and P u = SNR/M , we have NMSE = K k=1 L i=1 β 0ik + MK SNR·N p / K k=1 β 00k , which is increasing monotonously versus the number of the received antennas. According to eq.(26), the NMSEs of the semi-blind channel estimation methods can be expressed as:
, which is decreasing monotonously versus the number of the received antennas. As a result, when the received antenna numbers M increase, the NMSEs of the semi-blind channel estimation methods decrease. Meanwhile, the NMSE performance of the EVD method II is superior to EVD method I with and without signal perturbation. It is because the diagonalization operation of ambiguity matrixˆ in EVD method I has worsened the estimates ofĤ 00 in the case of the limited received antenna numbers M . According to the descriptions below eq.(19), the eigenvector matrixΥ 3 generated by signal perturbation in EVD method II is eliminated, and therefore there is no effect on the estimated fading matrixĤ 00 in Fig. 2 . In addition, pilot contamination is obtained by the difference between EVD method II with and without pilot contamination, which decreases as the number of the received antennas M increases. In Fig. 1 and Fig. 2 , the pilot contamination terms correspond to the item E{tr( 0 F H 0 F 0 0 )} of eq.(26) and the item E{tr( 0F H 0F 0 0 )} of eq.(27), respectively. Therefore, the effects of pilot decontamination in the EVD methods are demonstrated in the massive MIMO systems. Fig. 3 and Fig. 4 plot the NMSEs versus the number of data length N d in the massive MIMO systems without/with self-perturbation, respectively. We consider the pilot-based method, the EVD estimation method I with/without pilot contamination, EVD estimation method II with/without pilot contamination, and the difference between EVD estimation method II with and without pilot contamination. With the increase of data length N d , the NMSE of semi-blind estimation method is gradually reduced. As shown in the derivations in Section III-B, signal perturbations leads to a perturbation term R x in both target cell and interference cells, which make the distribution of eigenvalues more scattered and even overlapping. According to eq.(20), the eigenvalues of R x has a range of − K −1 N d ≤ λ k ≤ K −1 N d . Therefore, with the increase of N d , the eigenvalues of R x is decreased, and thus the effects of signal perturbation decrease. Accordingly, the NMSEs of the semi-blind channel estimation methods decrease. Besides, in the case of small N d (N d < 100) , the system NMSE performance is poor. It is because of the substitution of the columns ofH 0i V i by the columns ofH 00 V 0 stated in Subsection III-A.2.
According to Subsection IV-A, the fading matrixĤ 0i (i = 0, 1, . . . , L) are orthogonal to each other and thus self-perturbation vanishes. The NMSEs of EVD method I without pilot contamination is worst in Fig. 3 , and EVD method I with pilot contamination is the second worst. It is shown in Fig. 4 , the NMSE performance of EVD method II is better than the NMSE performance of EVD method I. In the existence of self-perturbation in Fig. 4 , the behavior of pilot contamination, which is revealed by the difference of NMSEs between EVD estimation method II with and without pilot contamination, shows a slow convergence with N d . Meanwhile, with the increase of N d , the NMSEs of EVD methods decrease rapidly. Comparing Fig. 3 with Fig. 4 , we can get that self-perturbation and signal perturbation have a great influence on the EVD methods. It is definitely concluded from Fig. 4 that EVD method II is more suitable for the practical massive MIMO scenarios. When the data length N d is long enough, the NMSEs converge to a certain lower bound. Fig. 5 plots the required minimum data length N d for separability between the desired eigenvalue bulk and pilot contamination eigenvalue bulk when the number of received antennas M tends to infinity. The effects of the number of interfering cells L and single-antenna users K are considered in the figure. As the degree of pilot contamination increases, it can be observed that the required minimum data length increases accordingly. When the desired eigenvalue bulk and pilot contamination eigenvalue bulk overlap, the signal eigenvectors are replaced by pilot contamination eigenvectors, and then the system performance is degraded.
B. THE REQUIRED MINIMUM DATA LENGTH WITHOUT OVERLAP

C. THE EFFECTS OF RECEIVED ANTENNA NUMBERS AND SIGNAL PERTURBATION
In Fig. 6 and Fig. 7 , we plot the effect of the received antenna numbers M and signal perturbation on intra-cell signal and pilot contamination. Firstly, in Fig. 6 and Fig. 7 , (L + 1)K largest eigenvalues are respectively computed from the SVDs of R y /M andR y /M , which roughly correspond to the eigenvalues of intra-cell signal and pilot contamination. The (L +1)K largest eigenvalues are further processed by kernel smoothing density estimation, whose probability density functions are drawn as the blue lines. Secondly, in Fig. 6 and Fig. 7 , K largest eigenvalues are also obtained from R y /M andR y /M , respectively, which roughly correspond to the eigenvalues of intra-cell signals. The K largest eigenvalues are further processed by kernel smoothing density estimation, whose probability density functions are drawn as the red lines. On one hand, as receive antenna number M increases, the distributions of the eigenvalues of the target signals and pilot contamination become increasingly concentrated in the corresponding region, which depend on the ratio β 0ik /β 00k . On the other hand, comparing Fig. 6 with Fig. 7 , signal perturbation makes the eigenvalues distribution of intra-cell signals and pilot contamination more closer, which further affects the system performance.
D. EIGENVALUE DISTRIBUTIONS OF THE DESIRED SIGNALS AND PILOT CONTAMINATION
In this subsection, we investigate the eigenvalue distributions of signals of interest and pilot contamination with/without signal perturbation for the received antenna numbers M = 32, and 512, respectively. The envelopes of pilot contamination and signals of interest are marked with blue stars and red lines, respectively. From Fig. 8 and Fig. 9 , it can be seen that, when the number of the received antennas is 32, the eigenvalue bulks of intra-cell signal and pilot contamination overlap. In contrast, when the received antenna numbers M = 512, the envelopes of pilot contamination eigenvalues and signal eigenvalues are obviously separated, as shown in Fig. 10 and Fig. 11 . When the number of the received antennas is relatively small, the distribution of eigenvalues is more random, and the interval between the envelopes of pilot contamination and useful signals is large. Compared with Fig. 8 and Fig. 10 , the eigenvalue bulks of pilot contamination and the intra-cell signal have the larger intervals than those in Fig.9 and Fig.11 . It is partly because there exists the signal perturbation in the system, and partly because the eigenvalues of pilot contamination and the intra-cell signal interact with each other.
VI. CONCLUSION
In this paper, we have investigated the effects of selfperturbation, pilot contamination, and signal perturbation on the semi-blind channel estimation methods in multi-user massive MIMO systems. The effects on received covariance matrices and corresponding estimated signal eigenvectors for the semi-blind channel estimation methods are studied with and without the signal perturbation. Signal perturbation causes a random fluctuation of eigenvalues of desired and interfering covariance matrices, which leads to the replacement and nonorthogonal projection of the extracted eigenvectors. Under the existence of signal perturbation, we derive the closed-form expressions of NMSEs for the EVD method II. It is shown that signal perturbation reshapes the NMSE and messes the eigenvalue distributions of interference and desired signal when the length of sample data is short. In terms of NMSE performance, the EVD method II outperforms the other benchmarks. Besides, we have found that the eigenvalue distributions of the desired signals and pilot contamination are separated from each other under a certain number of receiving antennas.
